In this paper, we investigate the stability of the functional equations
Introduction
In 1940, S. M. Ulam [16] posed the first stability problem of group homomorphisms. In the next year, D. H. Hyers [4] gave a partial affirmative answer to the question of Ulam. Afterwards, T. Aoki [1] and Th. M. Rassias [14] generalized Hyers' theorem for the stability problem of additive mappings and linear mappings, respectively. Hyers, Aoki, and Rassias' results have been played an important role in furthering the study of the stability problem. Since then, during the last decades, the stability problems of functional equations have been attacked by mathematicians, see for instance [2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 15] .
Let X be a vector space over a scalar field K with a non-Archimedean nontrivial valuation | · |, which means that the function | · | from K into [0, ∞) satisfies: (A1) |r| = 0 if and only if r = 0, (A2) |rs| = |r||s|, (A3) |r + s| ≤ max{|r|, |s|} for all r, s ∈ K. Clearly |1| = | − 1| and |n| ≤ 1 for all positive integers n. We call a function · : X → [0, ∞) is a non-Archimedean norm if it satisfies the following conditions: (B1) x = 0 if and only if x = 0; (B2) rx = |r| x (r ∈ K, x ∈ X); (B3) The strong triangle inequality (ultrametric); namely, x + y ≤ max{ x , y } (x, y ∈ X), which leads us to define a non-Archimedean normed space (X, · ). Due to the fact that
a sequence {x n } is Cauchy if and only if the sequence {x n+1 − x n } converges to zero in a non-Archimedean normed space. By a complete non-Archimedean we mean one in which every Cauchy sequence is convergent.
Recently M. S. Moslehian and Th. M. Rassias [13] discussed the HyersUlam stability problem of the Cauchy functional equation
in non-Archimedean normed spaces and they discussed the Hyers-Ulam stability of the quadratic functional equation
a quadratic mapping in non-Archimedean normed spaces. We call a solution of the functional equation (1) (a solution of the functional equation (2) an additive mapping (quadratic mapping, respectively). Now we consider a mapping which is represented by sum of an additive mapping and a quadratic mapping, we call the mapping a quadratic additive mapping. Motivatd by it, we concern the additive and quadratic type functional equations
and
Notice that both solutions of (3) and (4) are quadratic-additive mappings(see [9] ). In this paper, we deal with the stability problems for the functional equation (3) and (4) in non-Archimedean normed spaces.
Stability of the functional equations (3) and (4)
In this section, we prove the generalized Hyers-Ulam stability of the functional equations (3) and (4) . Throughout this section, we assume that X is a real linear space and (Y, · ) is a complete non-Archimedean space over K with the non-Archimedean valuation | · | such that |2| < 1. For a given mapping f : X → Y , we use the abbreviations
for all x, y ∈ X.
for all x, y ∈ X. Suppose that f : X → Y is a mapping satisfying one of the inequalities
or
for all x, y ∈ X. Then there exists a unique quadratic-additive mapping T :
for each x ∈ X, wherẽ
In particular, T is given by
for all x ∈ X.
Proof. Replacing x and y by 0 and 0, respectively, in (5) we get
Since |4| < |2| < 1 by (A3) and ϕ(0, 0) = 0, it follows that as well as
So we conclude that f (0) = 0 by (B1). First,we assume that f satisfies (6). Let J n f : X → Y be a mapping defined by
for all x ∈ X and all nonnegative integers n. Notice that J 0 f (x) = f (x) and
for all x ∈ X and j ≥ 0. It follows from (5) and (9) that the sequence {J n f (x)} is Cauchy. Since Y is complete, we conclude that {J n f (x)} is convergent. Set
Using induction one can show that
for all x ∈ X and all positive integers n. By taking n to approach infinity in (10), one obtains (9) . Replacing x and y by 2 n x and 2 n y in (6), respectively, we get
Taking the limit as n → ∞ and using (5), we get DT (x, y) = 0. Now we are going to prove the uniqueness of T . If T is another quadratic-additive mapping satisfying (8), then
for any positive integer k and so by (B3) and (5)
for all x ∈ X. Therefore T = T . This completes the proof of the uniqueness of T .
Secondly, using the similar process, we can prove the theorem in the case of f satisfies (7). 
for all x, y ∈ X, then there exists a unique quadratic-additive mapping T :
Proof. Let ϕ(x, y) = θ( x r + y r ). Since |2| < 1 and r − 2 > 0,
for all x, y ∈ Y . Therefore all the conditions of Theorem 2.1 are fulfilled.
It is easy to see thatφ(x) = |2| −3 θ x r . By Theorem 2.1 there is a unique quadratic-additive mapping T : X → Y satisfying (11).
Theorem 2.3 Let
for all x, y ∈ X. Suppose that f : X → Y is a mapping satisfying one of the conditions
for all x, y ∈ X with f (0) = 0. Then there exists a unique quadratic-additive
for all x ∈ X, where the limit
byφ(x). In particular, T is given by
Proof. First, we assume that f satisfies (13) . Let J n f : X → Y be a mapping defined by
for all x ∈ X and j ≥ 0. It follows from (12) and (16) that the sequence {J n f (x)} is Cauchy. Since Y is complete, we conclude that {J n f (x)} is convergent. Set
for all n ∈ N and all x ∈ X. By taking n to approach infinity in (17) one obtains (15) . Replacing x and y by 2 −n x and 2 −n y, respectively, in (13), we get
Taking the limit as n → ∞ and using (12) we get DT (x, y) = 0. Now we are going to prove the uniqueness of T . If T is another additive mapping satisfying (15), then
for any positive integer k and so
Secondly, using the same method, we can prove the theorem in the case of f satisfies (14) . 
for all x, y ∈ X (f (0) = 0 if r = 0), then there exists a unique quadraticadditive mapping T : X → Y such that
for all x, y ∈ X. Therefore the conditions of Theorem 2.3 are fulfilled and it is easy to see thatφ(x) = |2| −1−r θ x r if 0 < r < 1 andφ(x) = 2|2| −1 θ if r = 0. By Theorem 2.3 there is a unique quadratic additive mapping T : X → Y satisfying (18).
Theorem 2.5 Let
for all x, y ∈ X and letφ : X → [0, ∞) be the function defined bỹ
for each x ∈ X. Suppose that f : X → Y is a mapping satisfying one of the inequalities
for all x ∈ X with T (0) = f (0). In particular, T is given by
Proof. We easily get f (0) = 0 from (19). First, we assume that f satisfies (21). Let J n f : X → Y be a function defined by
for all x ∈ X and all j ≥ 0. It follows from (19), (20) and (24) that the sequence {J n f (x)} is Cauchy for all x ∈ X. Since Y is complete and J n f (0) = f (0) for all positive integers n, we conclude that {J n f (x)} is convergent for all x ∈ X.
From (24) we have
for all n ∈ N and all x ∈ X. By taking n to approach infinity in (25) and using (19) and (20), one obtains (23). From (21), we get
for all x, y ∈ X and all positive integers n. Taking the limit as n → ∞ and using (19) and (20), we get DT (x, y) = 0. Now we are going to prove the uniqueness of T . Assume that T is another quadratic-additive mapping satisfying (23). Then
for any positive integer k and so 
